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Every living thing uses logic. Not just students, or teachers, or smart people, or grownups, or humans, or

animals (see Appendix 1). Yes, sometimes we act illogically, and yes, sometimes we make mistakes. And

different organisms use logic in different ways. But using logic, or acting in logical ways, is part of what it

means to be alive.

Logic is powerful. We can use it to know or predict things about the world; things that we cannot and did not

personally witness. Like this:

If your friend is 7 years old, then you know you will not see her driving a bus down the street.

If Janey says "Amy just pushed me into the river" but Janey's clothes and hair are all dry, we know her

statement is not true.

If a shopkeeper says "a blonde-haired boy stole candy from my store," nobody punishes or suspects

black-haired Sally.

If a grownup announces "somebody just drew on the wall" and there is only one child in the house,

everyone immediately looks at that child.

Logic helps us know that Amy didn't push Janey into the river, even though we weren't there. It enables the

grownups to know that it was the kid who drew on the wall, even though they did not see the kid do it. And so

on. We all do this kind of reasoning, use logic in this way. It's quite possible to observe babies doing it, before

they have ever learned to talk.

But we are not babies, so we do know how to talk, and we can talk about logic. Normally when we talk about

things, we talk informally. The above 4 examples, are examples of informal (or "plain English") talk, like we

would hear in everyday life. But there is another way to talk about logic, called "formal logic."

When we speak formally, we change the way we say our English sentences. Or you could say that we "make

our sentences more formal." For example, here are the same 4 statements, just phrased a little more formally:

7-year-olds don't have the skill to drive a bus, nor the height to reach the pedals. My friend is 7 years

old. Therefore she can't drive a bus.

If a person falls into the river (or gets pushed in), their clothes and hair get wet. Janey's clothes nor hair

are wet. Therefore she was not just in the river. Therefore nobody just pushed her into the river.

Therefore Amy did not just push her into the river.

The person who stole candy was a boy with blonde hair. Sally is not a boy, Sally does not have blonde

hair. Therefore Sally did not steal the candy.

Somebody in the house did just draw on the wall. Everyone in the house except for one person is a

grownup. Grownups do not draw on walls. Therefore it must have been the child, who did it.

You understand what is going on in each of the above four examples, right? So you already understand a lot of

this, just from living and using your head, even though the sentences are phrased a little more formally.

Implication, "implies"

If you think about them, the above examples are, in part, saying "If this then that." The word for this is



"implication" which simply means that if one thing is true, then some other thing is also true. Sometimes we

use concrete, real-world examples, as above. But "formal logic" means that sometimes we use just the form of

the statement, completely leaving out the details. Like this:

If p then q

p, so q

p, therefore q

A, therefore B

p => q

p → q

p implies q

These different forms all mean the same thing.

Most often you will see the last two forms. We usually write p → q and we usually say "p implies q."  A and

B and p and q are like placeholders.

Now, look at these two statements:

If a child is only 7 years old, then they can't drive a bus.

If a child was recently ('just now") in the river, then their hair and clothes will still be wet.

You can see these statements do fit this form; that is, they are implications. There is an "if" part, and a "then"

part; with the first part implying the second part.

The first part, the "if" part, is called the premise.

The second part, the "then" part, is called the conclusion.

Notice how often the letters p and q are used. I guess that logicians picked p because that's the first letter of

the word "premise," and q because it's the next letter after p.  Of course, as you can see, we can use other

letters if we want to, and we often do, especially when we need more than just two of them.

Inference

In a way, inference is the whole point of logic, practically and in the real world. When we conclude that

things happened even though we were not around to see them happening, we are inferring. The problem of

course is, if you're not careful, you can make bad inferences, meaning, you come to conclusions that are false.

Consider the example of the child drawing on the wall. Is it really certain that no grownup would draw on the

wall? It does seem highly unlikely but I have known grownups to do it. So, when we infer that it was the child

who drew on the wall, we might be wrong.

There are two ways to come up with an incorrect inference. In this example, one of our premises is flawed:

"Only a child would draw on the wall." A little later we will see how we can use logic to detect flawed

premises.

But there is another way we can come to incorrect conclusions, even if our premises are correct -  if we make

errors of formal logic. We want to make sure that our logical statements "transmit truth" - that is, given true

premises, they produce true conclusions.



We already know how we work to ensure this from our experience in the Young Philosophers group. To test

whether one of our logical statements is good, that is, free of flaws, we see if we can come up with counter-

examples. If it looks to us like there are no cases when the premises are all true, but the conclusion is false,

then we figure that our statement is free of errors in formal logic.

Combining

One practical use of formal logic is to combine true statements to get other true statements. Sometimes the

things we come up with, might surprise us. Other times the results are obvious; just plain common sense.

Let's look at some examples. Here are two implications (meaning, statements of the form p → q):

If hydrochloric acid (HCl) and sodium hydroxide (NaOH) are combined, then table salt (NaCl) will be

produced.

3. 

If Tina can get her dad's permission and help, then she will combine HCl and NaOH.4. 

Now, here is how we would write these two implications in formal logic. Remember that I said we could use

other letters besides p and q? We will need to this time.

Letter Proposition the letter stands for

p HCl and NaOH are combined.

q NaCL is produced.

r Tina can get her dad's permission and help.

Now, we can write statements 3 and 4, like this:

p → q

r → p

And according to the rules of formal logic, we can say this:

if r → p and p → q then r → q

As a formal logical proposition, the above statement is always true. In this particular case, of Tina and her dad

and permissions and chemistry, the statement is also true that "If Tina can get her dad's permission and help,

then NaCL will be produced." That's because I didn't make any logical error when putting this example

together. But sometimes I do make logic errors, in fact, most people do, from time to time. We call an error

like that a fallacy. There are many kinds of logical fallacies and some of them are pretty interesting.

Belonging, membership, "is"

Another part of formal logic consists of "is" statements like these:

All bears are mammals

Apples are a kind of fruit

All fruit is part of the plant kingdom or All fruit comes from plants

We can write these "belonging" or "is a" relationships like this:



all p are q

all ps are qs

p is a q

every p is a q

x is an element of A

x is a member of A

x originates in A

x belongs to A

x is in A

x ϵ A

S ⊂ A

x is an A

x IS_A A

These notations all describe the same thing: "belongs," like belonging to a group or a category. Or you can

also say "membership" of a set, or of a class.

"Contains" is just like "belongs" except backwards. See how these two statements mean the same thing:

John is a member of the Cooper family.

The Cooper family contains John.

The symbol for "contains" is ∋, so we could write the above two statements like this:

j ϵ C

C ∋ j

Symbolic logic

I have mentioned "informal logic" and "formal logic." There is another term, "symbolic logic," and you can

see where it comes from - all the symbols we are starting to use! So far you have seen these:

ϵ   ∋   =>   →

and there are others, for example:

⊆    ⊂    ⊊    ⊇    ⊃    ⊋    ∃    ∄    ∀    ⊕    ∨    ∧    ¬    ↔    ↑    ∴    ∵    ⊨    ⊭    ⊢    ⊬    ⊼    ⊽

   &

plus there are a lot more. They all mean something. Some we will use, some we won't.

In a way, all those symbols are kind of cool, because they are a kind of code, and it can be fun to learn codes.

You may sometimes find people people (typically people who have studied logic) who use these symbols in

everyday life. For example, when I am writing something down, I often write things like these:

Skiing on slush ¬ fun ∴ I don't. (This means "Skiing on slush not fun therefore I don't.")

∃ men who change diapers & do the dishes. (This means "There exist men who change diapers

and do the dishes.")



It's kind of like being part of a club - the club consisting of people who learned these symbols, find them

useful, and are comfortable with using them. It isn't a secret club, though - nobody is saying "don't tell her our

secrets" or "keep these secrets from him." The information is for you to use, if you want to, and find it useful.

Join the club if you feel like it; you are welcome.

There is a problem with these symbols, and using them, and "joining the club." Not everyone in the club

agrees, just what symbol means what. Here is one example. You can see that these symbols:

⊆    ⊂    ⊊   ϵ

and also these symbols:

⊇    ⊃    ⊋   ∋

are all similar. They all have to do with belonging. But, unfortunately, not everyone uses these symbols in the

same way. It depends on the author. So, one author may use the symbol ⊂ to mean "is a subset of" but a

different author instead uses the symbol ⊆, to mean the very same thing.

This is unfortunate. I can imagine a day when everyone uses the same logic symbols to mean the same logic

concepts, but that is not how it is today. Today if you go to a bookstore or library and look at two different

textbooks of logic, you are pretty likely to find two different sets of symbols in use. Mostly they will be the

same but some will be different. Alas.

I can't fix this problem. So, instead, to make our study of logic easier, I am going to simplify. Some of those

symbols, especially those ones about "belonging to," I am just not going to use. Instead I will use just two

symbols when I write about "belonging." First, this symbol: ⊂

For example:

B ⊂ A might stand for Bears ⊂ Animals, or in English, "All bears are animals."

j ⊂ C might stand for Jackie ⊂ Children, or "Jackie is a member of the set of all Children," or in

English, "Jackie is a child."

And the other symbol: ⊃

For example:

A ⊃ M might stand for Animals ⊃ Mammals, or "The set of all Animals contains the set of all

Mammals," or in English, "Animals include all mammals."

So here is how I am going to write things:

Symbolic English

 j ⊂ C John belongs to the Cooper family.

 B ⊂ M All bears are mammals.

 M ⊂ A All mammals are animals.

 A ⊃ M Animals include all mammals.



 A ⊂ F Apples are a kind of fruit

 F ⊂ P All fruit is part of the plant kingdom

The good part about me doing this is, that it makes our work easier. The bad part is that if you go on to formal

study of logic, for example in college, you will need to learn some more, new, different symbols than you are

learning right now.

And, or, not, because, therefore

Here are some symbols we use in writing about logical operations. We are not going to use all these symbols

but it is good for you to see them.

Symbol English In Logical Jargon

 ¬ not negation

 ! not negation

 ~ not negation

 ^ and conjunction

 & and conjunction

 ∨ or inclusive disjunction

 | or inclusive disjunction

 ⊕ exclusive or exclusive disjunction

 xor exclusive or exclusive disjunction

 ⊻ exclusive or exclusive disjunction

 → if ... then implication

 ≡ if and only if equivalence

 ↔ if and only if equivalence

  ∴ therefore implication

  ∵ because justification

Combining

Now, we can combine true "belonging" statements, to get other true statements. Here are some examples.

Notice that I'm using the symbol

∴

which means "therefore."

Symbolic English



 j ⊂ C, C ⊂ H, ∴ j

⊂ H

John belongs to the Cooper family, all Coopers are human, therefore John

is a human.

 B ⊂ M, M ⊂ A, ∴

B ⊂ A

All bears are mammals, all mammals are animals, therefore all bears are

animals.

 L ⊂ F,  F ⊂ P, ∴ L

⊂ P

Lemons are a kind of fruit, all fruit is part of the plant kingdom, therefore

all lemons are part of the plant kingdom.

 S ⊂ H, H ⊂ M, ∴

S ⊂ M

Socrates is human, all humans are mortal, therefore Socrates is mortal.

That's fine - it is nice to combine true statements to get other true statements. But on the other hand, it is really

rather easy. So easy that we probably don't need any formal or symbolic logic to figure this stuff out.

But there is another use of logic and combining statements: identifying, disproving, and discarding (or

disregarding) false statements.

Finding errors

Let's look at three statements, all of the very same form and using the same symbols:

Symbolic English

 S ⊂ H, H ⊂ M, ∴ S

⊂ M

Socrates is human, all humans are mortal, therefore Socrates is mortal.

 D ⊂ M, M ⊂ J, ∴ D

⊂ J

Don is a man, all men are jerks, therefore Don is a jerk.

 M ⊂ L, L ⊂ I, ∴ M

⊂ I

Mary lives in Las Vegas, all people in Las Vegas are immoral, therefore

Mary is immoral.

Do you see a problem? The two implications

M ⊂ J - "All men are jerks"

and

L ⊂ I - "Everyone in Las Vegas is immoral"

are false. However, some people actually believe that they are true. How can you prove them wrong?

You do it with logic. There really is a rule of logic that says:

If all A are B, and all B are C, then all A are C

or, written symbolically,

(A ⊂ B) & (B ⊂ C) → A ⊂ C



Since this is a real rule of logic, you can say like this:

"I know Don. I know that he is not a jerk. I also know that Don is a man. Therefore the statement

"all men are jerks" must be false.

or, written symbolically:

(D ⊄ J) & (D ⊂ M) → ¬ (M ⊂ J)

Now, if you are a girl, suppose that you have grown up, and a (female) friend of yours is complaining about

men, and she actually says "All men are jerks!" You probably would not start writing symbolic logic.

Probably it would be better to just say "I'm sorry you feel that way; it must be hard for you right now." But

let's suppose for some reason you didn't want to let your friend's statement pass. Maybe you have male

friends, whom you like and you want to stand up for, or something. You could actually say "It is not the case

that all men are jerks. Your premise is flawed. I know this because I know Larry and John and Don, and they

are not jerks."

If your friend is feeling really badly she might say "I don't care - maybe Larry and John and Don are not jerks

like you say, but I still say that all men are jerks!"

In such a case, you would simply conclude that your friend is not thinking logically. She is operating under a

false premise.

It isn't necessarily a terrible thing, to think illogically. We're human, which means that sometimes we think

and act logically, and other times, emotionally. It can be OK to say emotional things that aren't logical. There

is not necessarily anything wrong with this, as long as you recognize that such logically incorrect statements

do not make good rules to live by. Maybe you thnk that certain movies are dumb but you like them anyway. It

probably is not going to hurt anyone if you see a dumb movie once in a while. Who cares if it is not "logical"

to do so?

But other times, especially whenever there's something important at stake, we do want to act logically.

Let's look at these statements:

Symbolic English

 M ⊂ L, L ⊂ I, ∴

M ⊂ I

Mary lives in Las Vegas, all people in Las Vegas are immoral, therefore

Mary is immoral.

 J ⊂ R, R ⊂ B, ∴ J

⊂ B

Jane is of a particular race. All people of that race are bad. Therefore Jane

is bad.

 A ⊂ D, D ⊂ U, ∴

A ⊂ U

Alligators are dangerous animals. Dangerous animals are unsafe as pets.

Therefore alligators are unsafe as pets.

You can see from the symbols on the left that all these statements are of the same form. But that does not

mean that they are all equally true. Two of the above statements contain false premises.

A real-life example

I said that we use logic all the time in real life. Consider the following. You and your family are going to a



restaurant and you order before you get there. You ordered vegetarian, your mom ordered meat, your dad

ordered fish.

You arrive on time and take your seats; a waiter comes out with three plates. What is going to happen? You

probably know, more or less, without even thinking about it.

First he asks: "Who wants the meat?" and gives your mom her plate.

What doesn't he do next? One thing he doesn't do is ask your mom "And did you also order the vegetarian

meal?" Nor does he give her all three plates of food. Why not? Because he is operating under a premise: "each

diner gets one meal."

So, he asks a second question: "Who wants the fish?" and gives that plate to your dad.

Then, what doesn't he do?

He doesn't ask you "And do you want this vegetarian meal?" He doesn't ask that question, because of the same

premise - each diner gets one meal. You are the only one left without a meal, he has one meal left, he gives it

to you. In fact it could be a "mystery meal" and you could be a "mystery diner" and you would still get what

you wanted, without you saying anything, or without him knowing what that last meal is. It could be dog food

for all he knows or cares.

Here is how the logical possibilities would look during the three logical steps:

Starting possibilities What happens New possibilities

Your meal could be F or V or M. Waiter asks "Who gets the meat?

Then he gives the meat to your mom.

Now, your meal could be F or V.

Your meal could be F or V. Waiter asks "Who gets the fish?"

Then he gives the fish to your dad.

Now, your meal can only be V.

Your meal can only be V. Waiter gives the vegetarian meal

to you without asking.

No more possibilities;

everyone has a meal.

The symbolic logic for all the above, regarding your meal, looks like this:

F or V or M; not M; not F => V

or

(F ∨ V ∨ M) ^ ¬ M ^  ¬ F → V

Converse, inverse, contrapositive

Here's some useful logic that can help us in daily life.

Consider the proposition p → q, or "if p then q." This is the "original proposition" referred to in the table

below, which also contains (and demonstrates) three new vocabulary words.

Transformation Result in Result in Formal Explanation



English Logic

none (original

proposition)

if p then q p → q

converse if q then p q → p Switch the two terms; this gives you the

converse.

inverse if not p then

not q

¬p → ¬q "Negate" or "not" both terms; this gives you the

inverse.

contrapositive if not q then

not p

¬q → ¬p Take the converse of the converse; this gives you

the contrapositive.

Now, let's use examples to see how and why these terms can be valuable to us.

Original

statement

If a boy can read, he is

smart.

This is a pretty fair statement. Let's just say for now that it is

true, because "dumb people can't read."

Converse If a boy is smart, he can

read.

This may not be true. He could be smart but live in a place with

no books and no one to teach him to read.

Inverse If a boy can not read, he

is not smart.

This may not be true, for the same reason.

Contrapositive If a boy is not smart, he

cannot read.

This is just as true as the original statement.

Original

statement

Cups can hold marbles. This seems obviously true, like it would be always

true.

Converse Marbles can hold cups. This does not sound like it could ever be true.

Certainly it isn't always true.

Inverse Cups cannot hold marbles. Clearly untrue; easy to falsify this statement.

Contrapositive If a thing cannot hold a marble, it

is not a cup.

This is just as true as the original statement.

Original

statement

Elephants are larger than ants. This is is true in all normal cases of fully-grown

animals..

Converse Ants are larger than elephants. Not true.

Inverse Elephants are not larger than

ants.

Not true.

Contrapositive Ants are not larger than

elephants.

This is just as true as the original statement.

Original statement Mammals are animals. True, by definition.



Converse Animals are mammals. Not always - just think of reptiles.

Inverse Non-mammals are not animals. False - just think of reptiles.

Contrapositive All non-animals are non-mammals. This is just as true as the original statement.

Can you see a pattern here? There is one. It is a logical truth that for any true proposition:

Its converse may or may not be true.

Its inverse may or may not be true.

Its contrapositive is always true.

The contrapositive of any true statement, is also a true statement.

You probably have never heard the term "contrapositive" but you can often hear people using the

contrapositive, in real life. Think of a person trying to get into a concert, who unfortunately does not have a

ticket. The ticket-taker explains to this person that to get in, you have to have a ticket. The person protests,

and explains, and maybe begs. Finally the ticket taker lose patience and says in a forceful voice: "Listen to me

while I explain how this works. If you don't have a ticket you are not getting into the concert!"

Expressed that way, people will often stop arguing. It's a compelling argument. As for the concertgoer, well,

we hope that they dig into the bottom of their purse or backpack and find the ticket, so that that story has a

happy ending.

Truth tables

When we use logic, and talk about implication and negation, we generally also use "truth tables" because they

are handy and make things easy to see and understand.

Here is a simple truth table:

p ¬p

T F

F T

This truth table just shows you something you already know, in a different format.

The two columns are headed "p" and "¬p" or "p" and "not p" in English.

The middle row says that when p is true, then "not p" is false. You already know this if you think about

it - this is nothing more than the definition of what negation means. If a thing is true then its negation is

false.

Similarly, the bottom row says that when the proposition p is false, then its negation is true.

Now let's look at a bigger truth table:

p q p ^ q p ∨∨∨∨ q

T T T T

T F F T



F T F T

F F F F

This truth table is showing all the possible values of p and q, plus all the values of the "and" and "or"

combinations. So you can, for example, read the next-to-the-bottom row of the table, which tells you:

if p is true and q is false, then:

the logical conjunction (the "and" statement) is false.

the logical disjunction (the "or" statement) is true.

So, a truth table is just a quick, handy, easy way of looking up all the possible truth values of a bunch of

different logical functions, or operations.

Here is a truth table that tells us about converses, inverses, and contrapositives:

p q ¬p ¬q p → q ¬p → ¬q q → p ¬q → ¬p

T T F F T T T T

T F F T F T T F

F T T F T F F T

F F T T T T T T

Now take a look at the 4th column (headed "p → q") and the last column (headed ¬q → ¬p). These are the

columns for the original implication ("p implies q") and its contrapositive. Notice how the truth values are

identical in all cases? This is the proof, that the truth-value of an implication is the same as the truth-value of

its contrapositive. Or, in English as I said before, "whenever a proposition is true, its contrapositive is also

true," or in other words, "the contrapositive of a true statement is also true.

An example we will see and use

Here is another example, not of a converse, inverse, or a contrapositive. It is just an example of a logical

extension or conclusion, that we will talk about in an upcoming discussion.

English Rewritten Formal Logic

Smith will get the job. (the man who will get the job) =

Smith

 M = S

Smith has ten coins in his pocket. Smith = (a man with ten coins in

his pocket)

 S = T

The man who will get the job has ten

coins in his pocket.

(the man who will get the job) =

(a man with ten coins in his

pocket)

∵ (M = S) & (S = T) → (M =

T)

 (by the transitive property of

equality)

Confirmation



What I am about to tell you seems very strange, but it also illustrates a very important principle of science.

That principle is:

No matter how much evidence you have that something is true (that is to say, confirming

evidence), you can never have enough to prove anything.

Another way of saying this is: "You can never confirm anything."

Now you might think that that is a very strange thing to say. After all, if we can never prove or confirm

anything, then how can we live? It sounds like you could never be sure of anything, therefore, never be sure

you're doing the right thing. How can you know what to do in a situation when you aren't sure of the

situation?

But this is really the way the world works.

Consider the following. Suppose your mom owns a car. Now suppose someone, say for example a pest who

likes to bother your mom, calls the police and says "that car - it isn't really hers." The police officer might

react in a number of ways. They might:

Ask the pest, "how is this any business of yours?" and go away.

 - or -

Ask your mom to show them the car's "registration," which is a piece of paper that proves the car is hers.

Now suppose your mom doesn't have the car's registration. This happens sometimes; they can get lost. Or

maybe your mom just bought the car and hasn't gotten it registered to her yet. So she shows the police officer

a bill of sale, which is another kind of proof, or evidence, that she owns the car. Here is what can happen next:

The police officer accepts the bill of sale as proof, and goes away.

 - or -

The police officer doesn't accept the bill of sale as proof. Your mom looks in different places and find the

registration. The police officer is satisfied and goes away.

 - but then -

The pest says "That's not a real registration document - she printed it off on her printer." The officer carefully

examines the registration document, decides it's real and goes away.

 - or -

Your mom proves that the registration document is real by showing a video of her at the government office,

getting the document. The officer is satisfied and goes away.

 - or -

The pest says "that video is fake!" So then your mom produces witnesses who attest that the video is real.

 - but then -



The pest says "these witnesses are not real people - they are actors she has hired to testify to false things! So

the witnesses prove that they are not actors by showing the police officer documents that show they are your

neighbors.

 - but then -

The pest says "those documents are fake!"

You could keep this story going on forever, because it is never possible to finally, incontrovertibly (this

means, in such a way that it is not possible to contravert, or contradict), completely prove anything. A hostile

person, a skeptic, or a person not acting in good faith, can always insist on more proof, then more proof, then

more proof.

What really happens in this example is that the police officer will eventually decide that the proof is good

enough, despite what the pest may claim or say. And this is how we live our lives in the real world. Though

we never have complete proof of anything, at some point we decide that the evidence and proof we do have, is

good enough. We can live our lives without absolute certainty, and we do.

Falsification

Now, though it is impossible to ever completely, uncontravertibly prove anything, even if it is true, it is

generally quite easy to disprove things (if they are false). You just need one example which falsifies whatever

was said.

The police office in the above story might eventually decide that they've seen enough evidence, and even

though it isn't absolute proof, it's good enough. And then go away.

But instead the police officer may challenge the pest and say something like "Listen, buddy - you're coming

off with a lot of challenges here, and every time you see more proof you just come up with another challenge.

How about you make a claim instead?"

This puts the burden of proof on the pest. Suppose the pest then says "That's my car that she is driving." Your

mom can disprove this in seconds just by showing the registration document. Or better yet, asking the pest to

produce their own registration document. In the first case the pest's claim is falsified; in the second case, their

claim is unspported. Either way they lose the argument.

Or let's use another example. Suppose someone tries to prove that "all boys are stupid." Suppose as evidence

they bring one million stupid boys. A million stupid boys is a whole lot of confirming evidence! Yet it does

not prove the claim that all boys are stupid. And the claim is very easy to disprove - you just need to bring and

show one smart boy.

Where does the logic come in?

This is all interesting philosophy, but where does the logic come in?

Here is where. Consider the following statement:

English Formal

Logic

Explanation, translation



Original

Statement

All swans are white things  S ⊂ W  S means "any Swan." W means "White things."

Contrapositive All non-white things are

non-swans.
 ¬ W ⊂ ¬S  Remember that the contrapositive is just as true

as the original statement.

There is another way of saying

The contrapositive is just as true as the original statement.

and that is:

The truth value of the contrapositive is identically equal to the truth value of the original

statement.

Now, why would anyone use such complicated language? There is actually a reason. When you look at that

second sentence, if you read it carefully and try to understand what it says, you can see that it implies, that if

you can prove the contrapositive, then that is just as good as proving the original statement. In other words:

showing that

All non-white things are non-swans

is just as good as proving the original statement: "All swans are white." The two statements are, we say,

"logically equivalent."

Now, I already presented the example of how producing/displaying one million stupid boys does not confirm

the claim that all boys are stupid. In fact I claim that it's impossible to confirm this claim, or any other such

claim. That is, it is impossible to confirm these sorts of general statements. "All swans are white" is just such

a statement.

Suppose a person who disagrees says "well, you just didn't present enough observations; enough confirming

evidence." Let's take a logical look at what they are saying. And by the way, this is where things get

(seemingly) very strange.

As we have seen, to attempt to confirm the statement "All swans are white," I could offer evidence of white

swans. But I could equally well (that is, it would be equally probitive for me to) offer evidence that confirms

the contrapositive: "All non-white things are non-swans." Because as we have seen, these two statements are

logically equivalent.

Remember my opponent, the one who claims that you really can confirm a general claim like "All swans are

white" if only you have (and present) enough evidence? Suppose I ask him or her "OK - so how much

confirming evidence is enough?" Since a million examples are not enough. Suppose this opponent replies to

me "If you provide me a trillion instances of confirming evidence, I will consider that enough."

A trillion of anything is a whole lot! That would amount to over 100 pieces of evidence for every human on

earth. So you might figure, well, that's enough to convince anyone - it's adequate confirmation. Of course,

there are not a trillion swans on earth, so this could seem like one of those challenges from the Greek Myths; a

challenge that is impossible to fulfill, to carry out.

But actually, it isn't logically impossible. Remember that the contrapositive is logically equal to the original



statement. Therefore if I provide confirming evidence for the contrapositive, that's just as good as providing

confirming evidence of the original statement.

What kind of evidence tends to confirm, or supports, the contrapositive: "All non-white things are

non-swans"?

Well, here are some pieces of evidence that confirm that statement:

A green vase. It is an example of a non-white thing, and it is also a non-swan. So it is confirming

evidence.

A blue bicycle. It is an example of a non-white thing, and it is also a non-swan.

Similarly:

A brown shoe.

Another brown shoe.

A brown grain of sand.

Another brown grain of sand.

Yet another brown grain of sand.

I think you can get the idea here. Though it may seem crazy, it's logically correct. To show a single brown

grain of sand, is to confirm the original proposition "All swans are white."

Now, suppose you go to any typical beach, and dig up one cubic meter of sand. A grownup can do this with a

shovel in a short time - maybe a kid would need help, or a digging machine. That cubic meter of sand will

contain about 28,000,000,000 grains of sand,1 which, if you are not used to large numbers, reads in English as

"28 trillion."

Therefore you have before you sufficient confirming evidence to prove that "all swans are white." All you

need to do is show each brown grain of sand, one at a time. Right?

No, not right. Even a trillion pieces of evidence do not confirm that all swans are white! It's impossible to do,

with any amount of evidence. Even a trillion observations, or instances.

Yet it is very easy to falsify the statement "all swans are white." All you need to do is go to Australia, like the

Dutch explorer Willem de Vlamingh did back in 1697, and you can see black swans. Which falsifies the

statement for all time and everywhere. Much easier than counting out a trillion grains of sand one at a time!

Though you may have to travel farther.

Formal Fallacies

You have seen some truth tables, and read about implications, that is, statements of the form "if this then that"

or p → q. You have also seen how we can combine, or "chain together," different implications, to come up

with new statements. Hopefully true ones!

I say "hopefully" because (in case you hadn't yet noticed), logic can get complicated. And it can be possible to

make mistakes in logic. I mentioned before that we call an error like that a fallacy, that there are many kinds

of logical fallacies, and that some of them are pretty interesting.

There are two kinds of logic errors or fallacies: formal and informal.

A formal fallacy kind of tells you what it is, by its name. It is an error in the form of your argument; or, you



could say, that your logical statement is "poorly formed" or "malformed." Basically it means that you got your

chain of implications wrong, which means that any conclusion you come up with might be wrong also.

Here is an example of a logical fallacy (that comes from World War II):

If I resist, the enemy will kill me.

But I am not resisting.

So, the enemy will not kill me.

Written in logical terms, the above three statements look like this:

r → k, ¬ r, ∴ ¬ k

Or you could also write it like this:

∵  (r → k) ^ ¬ r, ¬ k

Or like this:

(r → k) ^ (¬ r) → ¬ k

And all those statements are wrong! It can still happen that in a war you get killed even if you do not resist.

Now, here is another example, that comes from medicine. Suppose a doctor has prescribed a drug that is

known to be effective in curing and says:

If you take this medicine, you will get better.

But you are not getting better.

So, you have not taken the medicine.

Presuming that the original statement is really true (that the medicine does really cure), then this is valid.

There is no fallacy here because there is no way that the two stated premises can both be true, but the

conclusion is false.

Now, one last example that looks pretty similar, but is actually a logical fallacy:

If you take this medicine, you will get better.

You did get better.

Therefore you took the medicine.

You can see how this could be false; this is what we call a fallacious argument, meaning it contains a formal

fallacy. It can happen that one of the premises is false, yet the last statement (which looks like a "conclusion"

or "implication" but really isn't because this is a fallacious argument) is false.

There are quite a few formal fallacies. Aristotle, who first invented much of this, spent a great deal of time

identifying which kinds of logical arguments are true, and which are fallacious. It can be interesting to explore

all of these. When and if you do, you find all sorts of real-world examples, which are often very interesting.

Studying formal fallacies can make you a "smarter" person in the sense that you will not be so easily fooled or

misled by fallacious reasoning. But we do not have the time.

Informal fallacies



There is a different kind of fallacy that has nothing to do with errors in formal logic. I call them "informal

fallacies" but people generally just call them "bad arguments." Here are some examples:

I know that the moon is an asteroid because I just know it. I really, really know it! I am absolutely sure

of it!

I know that the earth is flat because my friend told me so.

Jessie doesn't know how to add - Jessie's a horrible person!

Smith is going to win the election because I say so.

I am not going to tell you what is wrong with each of the above statements because I think that you probably

see the problems yourself.

More information about fallacies and bad arguments

You might think that people would not make such bad arguments but in fact, people do. Maybe they just

haven't really thought things out very carefully. Maybe they are trying to convince someone, and they don't

much care how they do it as long as it works. Maybe they believe so strongly in whatever it is, that they don't

really feel like they need to make a good case. Or maybe they have other reasons. But in the real world (in

some areas more than others), you will find plenty of bad reasoning, plenty of fallacious argument and

thinking.

There are very many books, and plenty of other information, that you can read and learn from, if you are

interested. One of my favorites is a book by Ali Almossawi titled An Illustrated Book Of Bad Arguments. It's

free online2, or you can buy it or check it out. It's good, it is not too hard to read.

Footnotes

1How many grains of sand in a cubic meter?

An average grain of sand weighs 50 micrograms, or 50 * 10-6 grams.

Weight of sand: 1.4 tonnes/cubic metre = 1400 kg/cubic metre = 1,400,000 g/cubic metre

(1,400,000 g/1 cubic metre of sand) / (50 * 10-6 g/grain)

= (1,400,000 g/1 cubic metre of sand) / 0.00005 g/grain

=  28,000,000,000 grains of sand/cubic metre

2https://bookofbadarguments.com

Appendix 1 - Animals and plants using logic and math

The topic of whether and how animals and plants use logic, and what it means to think or reason, can be

pretty interesting. But talking about this can also generate some pretty strong emotions. It seems that some

people have some pretty strong feelings on this subject. If you talk about this topic with other people, don't be

surprised if someone simply and flatly states "animals can't (or don't) think (or reason)" and refuses to be



convinced no matter what you say.

Aristotle, generally credited as being the first logician, was also a naturalist and studied animals extensively.

He wrote this about animals and their ability to think and/or reason:

[T]hough sense-perception is innate in all animals, in some the sense-impression comes to persist,

in others it does not. So animals in which this persistence does not come to be have either no

knowledge at all outside the act of perceiving, or no knowledge of objects of which no

impression persists; animals in which it does come into being have perception and can continue

to retain the sense-impression in the soul: and when such persistence is frequently repeated a

further distinction at once arises between those which out of the persistence of such sense-

impressions develop a power of systematizing them and those which do not.

There are many examples of animals using logic, and even mathematics.

For example, the video of the crow that you can find online here:

https://www.youtube.com/watch?v=2k1aoLAMRMc

In the video, you can see the crow trying out logical propositions and alternatives:

"This thing slides on a slope. Here is a slope. Let's try sliding here."

Then "It didn't slide on that slope - perhaps it'll slide on this slope."

Another example consists of determining how high birds can count. Ornithologists (bird scientists) and

ethologists (scientists who study animal behavior) are very interested in this and have done some cool

experiments, to try to answer this question.

Birds, being cautious, won't exhibit normal behaviors, such as coming out of hiding and beginning to eat,

when they think there is a threat (such as a human) present. So it is easy to tell if a bird thinks a human is

present. Just observe its behavior. If it stays in hiding, peeking out to see if a threat is present, then it thinks

there is a threat present, or there may be. If on the other hand the bird acts normally, still acting cautious and

observant but no longer remaining in hiding, and doing normal activity, then it thinks, or has concluded, that

there is no threat present.

Scientists will place a bird in such a way that it can see a group of people walk behind a wall. The bird will

naturally remain in hiding, observing that wall, keeping an eye on it. It knows that there are people behind that

wall and it sees those people as a threat.

If one person goes behind the wall, then walks away, the bird concludes there is no longer a person behind the

wall and resumes normal activity.

If two persons go behind the wall, then one walks away, the bird remains cautious, in hiding, keeping an eye

on the wall. Only once the second person walks away, does the bird conclude that there is no longer a person

behind the wall and resumes normal activity. Many birds that we know of have been shown to have this

ability. This basically means that birds can count up to two.

The situation is different when it comes to three or more humans. Some birds, such as owls, will resume

normal activity after two people walk away from behind the wall. Other birds will wait, still remaining

vigilant, until the third person leaves. In this way we can conclude that owls can only count up to two,



whereas other birds can count at least as high as three.

Some people vigorously deny that animals can use logic, count, or reason. It is hard to say why some people

feel this way. Almost everyone who knows or works with animals takes it as obvious that animals can think

and reason. Pet owners often "spoil the soup" by treating their pets as humans, to an extent and in ways that

can sicken non-pet-owners. But hunters, naturalists, zookeepers, and many pet owners recognize that while

animals think in different ways from us, they do have some capacity to reason, to some extent and in their

own way. Many people seem to be motivated simply by skepticism, dogmatism, or what is now sometimes

called "species-ism" ("no way an animal is like me"). Others may be motivated by the fact that we use,

control, cause pain to, and even kill animals.

People who advance this argument sometimes use the terms "associative thinking," "conditioned responses,"

or other terms. These terms can be valuable in discussion, but they can also be used to evade coming to a

conclusion that the speaker or author does not like; they can explain the obvious, observed and observable fact

that animals can, within limits, reason - yet avoid using the word "reason." So, a person who argues that

animals "don't reason - they merely exhibit a sort of associative thinking," can maintain their position that

animals don't reason, don't use logic, don't think, aren't conscious, aren't persons, aren't "like us."

One way of summing this up is, that when we talk about animal cognition (meaning, animals thinking), we

quickly get into the topic of ethics. And, whether this is right or wrong or good or bad, when people take an

ethical position, they often adjust their arguments, their logic, and what they are willing to say or admit, in

order to support their ethical position.

I don't know as much about plants and their use of logic - I am just learning myself. One book that seems to

be good, but I have not yet read, is by Daniel Chamovitz and is titled What A Plant Knows.


